In this study, we propose an efficient computation method to estimate the critical ricochet angle (CRA) for oblique penetration into concrete targets which is based on the spherical cavity-expansion theory. During penetrating event, the resistance force on the projectile nose is approximated by semi-empirical function from the spherical cavity-expansion theory and projectile motion of oblique penetration is predicted to verify the proposed numerical method with the aid of finite differential approach. In order to enhance the accuracy of projectile motion, the empirical constants of the semi-empirical function are obtained with respect to the oblique angle by conducting finite element analyses of the oblique penetration. CRA is then obtained by predicting the projectile motion at the various oblique angles and verified with results of finite element analysis. Our work presents that the reliable CRA can be estimated efficiently by employing a series of the numerical simulations. We believe that our proposed numerical method will provide a useful analysis platform for designing penetrator warhead which hits the target at an oblique impact angles.
Introduction
Since the hardened and deeply buried targets have been developed for protection of facilities in military field, penetrator warheads into concrete protective structures have attracted extensive research attention in the field of military science. Among many studies on normal impact processes, Hanchak et al. [1] and Dancygier and Yankelevsky [2, 3] have been carried out normal penetration experiments of steel projectiles into concrete targets. In addition, Forrestal et al. [4] developed an semi-empirical equation, based on spherical cavity-expansion theory, to describe the penetration depth during normal penetration of ogive-nosed projectile and applied it to simulate the normal penetration process of a rigid projectile into concrete targets which are described by incompressible and linear compressible materials [5] .
Generally, oblique penetration is more frequently observed than normal penetration when the penetrator warhead is designed and conducted to defeat hardened and deeply buried targets. During the impact events at oblique angles, the projectile may lead to bounce back from the target surface without penetrating or embedding the target. This phenomenon called the ricochet and especially critical oblique angle which represents the minimum oblique angle that will produce the ricochet behavior is essential to ensure the performance of the penetrator warhead. Many experimental, theoretical, and computational studies on the ricochet of various types of the projectiles and targets have been conducted at oblique angles [6] [7] [8] [9] . Tate [6] first evaluated the ricochet of long-rod type projectiles using a simplified analytical model and extended the work [7] by modifying the analytic model to include the effect of target strength and deformation of the projectile. However, due to the physical complexity of the oblique penetration, experimental and numerical methods have been conducted to evaluate the critical ricochet angle (CRA) of long-rod type projectile only [7] . Daneshjou and Shahravi [8] calculated CRA with a full 3D explicit finite element method for various impact velocities, strength of target plates, and projectiles. In addition, studies about CRA for bullet were established on different target materials [9] . It is known that the ricochet depends on many factors including the impact velocity, the oblique angle, natures of both the target surface and the projectiles, the shape of projectile, etc.
However, despite numerous researches on the ricochet, CRA during the penetration into concrete targets has not been completely studied yet. When projectiles impact the concrete target with oblique angles, the target material experiences complicated compressive and/or tensile loadings which are different with that of normal impact. Thus, estimation of trajectory projectile at oblique angles is challenging research topics. Due to difficulty of modeling the concrete material behavior, there are some of the studies on the terminal ballistic trajectory of projectiles which has been predicted only by numerical methods [10] [11] [12] [13] [14] [15] [16] . For oblique impacts of penetrator, Warren et al. [10, 11] investigated the penetration of steel projectiles at oblique angles. They have been developed a new free surface effect model, based on dynamic spherical cavity-expansion theory, due to the discrepancy between drag forces of projectile acting on the top and bottom sides at oblique angles. The Differential Area Force Law (DAFL) method [12] was proposed to predict the terminal ballistic trajectory of the projectile under the normal stress acting on the projectile which is derived from spherical cavity-expansion theory by Forrestal et al. [5] . Wu et al. [13] predicted the terminal ballistic trajectory of projectiles considering the mass loss and nose-blunting of ogive-nosed projectiles by using the DAFL method [12] and semi-empirical resistance function, but the CRA was not included. For concrete targets by the compressive and tensile damage model, in order to obtain the CRA, Liu et al. [14] have conducted numerical simulations of oblique angle penetration by using the 3D finite element code LS-DYNA. They presented that the ballistic trajectory at different oblique angles and the ricochet are numerically simulate by using a semi-empirical constitutive model for concrete material. Li et al. [15] discussed the ballistic trajectory and the critical velocity at which the ricochet occurs during the oblique penetration using a semi-empirical forcing function for soil target. Yu et al. [16] computed the ricochet angle for oblique penetration into concrete targets with the spherical cavityexpansion theory and the rigid kinematics, but verification of the numerical result was not presented.
Although there have been proposed some CRA, they focused more on the deformation of projectiles and the implementation of numerical method in finite element code of concrete material constitutive models involving various damage and failure behaviors of concrete targets. In addition, generally, numerical simulation needs much CPU time and it takes a lot of resources to obtain CRA by iterative numerical simulations due to trajectories should be predicted at different oblique angles for the estimation of ricochet. Thus, development of efficient way to obtain CRA, which is one of the major design factors in design strategy, is necessary for warhead design and assessment of warhead performance.
In this study, an efficient computation method to obtain CRA of projectiles into concrete targets is proposed by the spherical cavity-expansion theory and employing a finite differential approach. During the oblique impact events, drag force is approximated by semi-empirical function from the spherical cavity-expansion theory and the finite differential approach, employed in the Differential Area Force Law (DAFL) method [12] , is used to predict the projectile motion during the penetration. The semi-empirical model is intended to have accuracy of 3D-finite element method as well as reduce the computing time for the trajectory of projectiles. In order to enhance accuracy of the projectile motion, the empirical constants of the semi-empirical function are obtained by comparing the results of numerical simulations with respect to the oblique angle. CRA is then obtained by predicting the projectile motion according to the oblique angle as well as verified by comparing to the result of finite element simulation. Our work presents that the reliable CRA can be estimated efficiently by employing a series of the numerical simulations.
Numerical Method to Evaluate Trajectory of Oblique Projectiles
In this paper, CRA is defined as the minimum oblique angle that will produce the projectile starts to bounce back from the surface without penetrating or embedding the target. In order to obtain CRA, projectile motion during penetration into a concrete target is needed to predict accurately at a given oblique angle. The projectile motion is affected by the impact velocity, projectile shape, the oblique angle, and the resistance of the target. In the following section, a numerical method to obtain CRA considering the parameters of the projectile penetration is presented.
. . Drag Forces Based on Cavity-Expansion eory. In order to predict the projectile motion, equations of motions during penetration are established under following assumptions and simplification. First, in the penetration process, the plane of the oblique angle is unchanged and coincides with the plane of the attacking angle which is corresponded to x-y plane as shown in Figure 1 . Second, the gravity on the projectile is ignored and the force acting on the projectile is considered as the resistance of the target and the moment of the plane of the oblique angle. Lastly, we allow that the projectile is rigid body which is undergoing translational and rotational motion about fixed axis. Figure 1 shows initial penetration state of the projectile. Two planar Cartesian coordinates are in the plane of the oblique angle. The origin of the two coordinate systems is located at the center of gravity of the projectile. Thecoordinate indicates global coordinate system, and the -coordinate indicates local coordinate system which is fixed on the projectile. The -axis and the -axis represent the perpendicular and parallel axis of symmetric axis of projectile, respectively. is the angle of attack which represents the angle between the velocity direction at the center of gravity and the -axis. is the angle between the velocity direction at the center of gravity of the projectile and the -axis;
The normal stress acting on the projectile can be evaluated by the semi-empirical equation derived from the spherical cavity-expansion theory [5] . For semi-infinite concrete targets penetrated by ogive-nosed projectiles, the normal stress is expressed as
where is the dimensionless empirical constant; is the unconfined compressive strength of the concrete material; is density of the concrete material; ] is the expansion velocity of the cavity surface which is identical to the normal velocity of an arbitrary projectile surface, and B = 1 for concrete targets [4] . The above equation is obtained by regression of the experimental data of normal penetration considering the concrete behavior and friction effect simultaneously under the condition that all parameters but the striking velocity are held constant [5] . According to Anderson Jr. [18] and Wu et al. [19] , the friction effect can be disregarded in penetration mechanics due to the existence of melted layer on the projectile surface that resulted in a frictionless interface. Therefore, the friction effect is not considered in the equation for resistive force analysis.
While a projectile impacts a target obliquely, the asymmetric resistive force, which is induced by the difference between resistive force acting on the top and bottom surface of the projectile, should be considered due to existence of the free surface. Thus, the free surface effect should be taken into account for calculating the resistive force. In this paper, the free surface effect model proposed by Warren et al. [10, 11] is adopted to correct (1). According to the cavity-expansion theory, cavity expands from zero to radius , which is radius of an arbitrary point in the projectile surface (see Figure 2 ). The plastic region is located from the radius and radius which is the distance from the projectile axis to the interface position along a normal line. Similarly, the elastic region is located from the radius and radius which is distance from the projectile axis to the free surface along a normal line at an arbitrary point in the projectile surface.
The free surface effect model shows that the resistive force acting on the projectile surface depends on the distance to free surface of the target. Warren et al. [10, 11] proposed that the normal stress ( * ), involved in free surface effect, can be expressed as 
by establishing a decay function ( , , ]) to consider the free surface effect. The decay function is expressed as below
where ( ) and ( ) →∞ are the radial stresses at the cavity surface when the free surface effect is considered or not. The decay function takes a value within zero to one. The details of the free surface effect model including equation of the radial stress at the cavity surface are presented in Warren et al. [10, 11] .
. . Projectile Kinematics during the Oblique Penetration.
During the penetration process, resistive force by concrete target is acting on the projectile surface and this force changes the projectile motion. Figure 3 shows the scheme of resistive force on a longitudinal section of the projectile and cross section across an arbitrary point, respectively [13] . The normal stress, , is acting on point A with the angle between the vertical axis of the projectile and the tangential line on point A where is the radius of the transverse cross section through point A; is the angle between the -axis and the projection of on the above transverse cross section.
According to Figure 3 , and , which indicate the resistive forces acting on the and directions of the finite element at arbitrary point of the projectile surface, respectively, are expressed as follows using the normal stress and the element area of a finite element on the projectile surface.
= − cos cos
The moment about the axis of the plane of oblique angle by the resistive forces acting on the and directions of the finite element is expressed as follows:
Mathematical Problems in Engineering Total force and total moment of the projectile are simply calculated as the sum of the forces and moments of each finite element. The equations of motions of the projectile are obtained based on the rigid body kinematics as follows:
where the mass of the projectile is m; I 0 is the moment of inertia about the axis of the plane of the oblique angle; is the angular acceleration of the projectile about the axis of the plane of oblique angle.
. . Numerical Procedure for Estimation of CRA. We present the flowchart of the analysis procedure for obtaining CRA which is programmed with the MATLAB (see Figure 4) . First of all, the projectile surface is discretized into surface elements and characteristics of each element such as element area and direction of element normal are calculated. After judging the penetration of each surface element into the target, the normal stress acting on the penetrated surface element is calculated from (2) and (3). Based on the normal stress and element area, the forces and moments acting on the center of gravity of the projectile are obtained by summation of forces and moments of each surface element. And then the motion parameters such as acceleration, velocity, and rotation angle are calculated by the motion equation from (6) and updated by the Runge-Kutta method at each time step. If the global velocity of the projectile is remained, the motion parameters are updated by the calculation procedure for predicting the projectile until the global velocity equals to zero or the termination time is reached. The occurrence of the ricochet is confirmed by final position of the projectile. In the case of the projectile is embedded or perforated, the final position is set to be positive value with reference to the target surface. In contrast, the position has a negative value for the ricochet. Thus the final position will approach zero at CRA.
The numerical procedure is repeated until the initial oblique angle converges. The converged initial oblique angle is regarded as CRA. A convergence criterion is set to be smaller than a 1% difference of the initial oblique angle between the previous and current iteration step. If the current initial oblique angle does not meet the convergence criterion, projectile motion calculation with another initial oblique angle is continued. The initial oblique angle for next calculation is determined based on one of the following equations:
where is the oblique angle at the ( )th step and ( ) is the final position of the projectile at the ( )th step. Equation (7) represents the bisection method and (8) represents the secant method for numerical calculation. The numerical efficiency can be evaluated by comparing the CPU time.
Results and Discussion
. . Determination of Empirical Constant of Normal Penetration. In order to predict projectile motion accurately during the penetration into concrete target, the resistive force acting on the projectile surface should be well determined. The empirical constant is necessary to calculate the resistive force based on (2) and (3). The empirical constant can be determined from experimental and numerical data. Li and Chen [20] suggested that the empirical constant is equal to = 72 −0.5 but that value is not correspondent to predict the experimental data conducted by Forrestal et al. [17] . Forrestal et al. [17] concluded that the empirical constant is different with respect to the experimental condition such as impact velocity and projectile nose shape at the same target.
In addition, concrete material shows complicated mechanical behavior according to the loading path [21] . In the case of oblique penetration, normal stress acting on the projectile is asymmetry along the axis of the projectile. The asymmetric stress conditions might effect on the empirical constant of . Thus the empirical constant is necessary to be obtained with various oblique angles.
In this study, for the clarity on the results, the empirical constant for normal penetration is obtained by comparing numerical results of this study with experimental data conducted by Forrestal et al. [17] . Thereby, the accuracy of numerical results can be improved. For the oblique impact simulations, the empirical constants for the oblique penetration with various oblique angles are also estimated by comparing numerical result from this study with results of finite element analysis due to the lack of experimental results. Forrestal et al. conducted normal penetration experiment of small scale projectile into concrete target with various impact velocities [17] . The projectile dimension is shown as Figure 5 . The projectile machined by 4340 Rc45 steel has 80-mm-diameter, 530-mm-length, caliber-radius-head of 3.0, and mass of 13 kg. The experimental results with various impact velocities are shown in Table 1 . The penetration depth increases with the impact velocity. Generally, penetration depth is dependent on impact velocity and material properties of the target. Since the empirical constant is relevant with resistive normal stress of concrete target, the empirical constant can be determined by predicting penetration depth of normal penetration. In order to predict the penetration depth using the program in this study, the projectile is discretized into 12,000 elements and the time step size of 0.01 ms is determined from the results of sensitivity analyses in the appendix. The unconfined compressive strength of concrete target is 39 MPa as mentioned in Forrestal et al. [17] .
For various impact velocity which ranges from 238.1 to 369.5 m/s, penetration depths of the projectile are estimated with various empirical constants using the proposed program. The predicted penetration depths obtained by numerical results and experimental results are plotted together in Figure 6 in order to compare the tendency of penetration depth with various velocity. The empirical constant is then obtained using the least square method which best describes the experimental result. We observe that the numerical result with empirical constant of 8.52 shows good agreement with the experimental results.
. . Empirical Constant of Oblique Penetration. Due to complicated mechanical behavior of concrete material with various loading angles, the empirical constants are obtained at various oblique angles by comparing with finite element analysis result. Due to the lack of experimental data for the oblique penetration, finite element analyses for the penetration at various oblique angles are conducted to obtain the empirical constants. During the oblique penetration, the projectile motion is more complicated as well as stress state of oblique penetration is more asymmetric than that of normal penetration. Thus, it is necessary to estimate the empirical 6 Mathematical Problems in Engineering constant with respect to the oblique angle at a given impact velocity.
The commercial code LS-Dyna is employed for the finite element analysis. By applying symmetric boundary conditions, half models of the projectile and concrete target are simulated to reduce the computational resource and computing time. Figure 7 shows finite element models for the oblique penetration. The projectile is treated as rigid body and the concrete target is modeled with 8-node reduced integration solid elements of 159,200. For material model for the concrete target, continuous surface cap model proposed by Schwer and Murray [21] and Murray [22] is employed with unconfined compressive strength of 39 MPa and strain independent erosion condition.
Generally, the finite element analysis depends on the element size, the material model and the erosion criterion. The finite element analysis result should be justified before obtaining the empirical constant of oblique penetration. Therefore, the finite element analyses for normal impact tests conducted by Forrestal et al. [17] are conducted first. The numerical results can be justified by comparing the experimental data. Figure 8 shows penetration depth with various striking velocities. It can be shown that the numerical results predict well the experimental data. Therefore, the finite element analysis result is justified.
The oblique angles, which represents as , of 15, 30, and 45 degrees with no angle of attack, are simulated in this study that means equals zero in Figure 1 . The projectile impact velocity is chosen to be 238 m/s. The finite element analysis for oblique penetration is conducted using Intel i7 CPU (4 cores, 3.4 GHz) and 16 GB memory. The computation time of single analysis is about 5 hours.
The results of projectile motions during penetration into concrete target with oblique angles of 15, 30, and 45 degrees are shown in Figures 9, 10, and 11 , respectively. In order to obtain the empirical constant at oblique penetration events, we compare the results from the finite element analysis with the results of horizontal, vertical, and angular displacement of the projectile by estimating the proposed numerical procedure. The projectile motion can be predicted differently with various empirical constants. The empirical constants, which best describe the finite element analysis results, were obtained using the least square method mentioned in previous section. The empirical constants with various oblique angles are tabulated in Table 2 . We found that the empirical constant decreases with oblique angles. Thus, in order to improve the accuracy of trajectory projectile at the oblique angles the empirical constant should be considered as a function of the oblique angle. In order to applying the empirical constants to the developed program with various oblique angles, the empirical constants were fitted by second order polynomial with respect to the oblique angles. Figure 12 shows the empirical constants with various oblique angles and the fitted data. Regression equation for the empirical constants with various oblique angles is expressed as follows
where 0 is 8.469; 1 is 0.0149; and 2 is -0.0013.
Result and Discussion
According to numerical procedures mentioned in Section 2.3 and Figure 4 , the CRA for the projectile is obtained. For analysis conditions, projectile is discretized into 12,000 elements and the unconfined compressive strength of concrete target is 39 MPa as mentioned in previous section. The initial impact velocity is 238 m/s and the termination time and time increment are set to be 5 ms and 0.01 ms, respectively from the results of sensitivity analyses in the appendix,.
In order to evaluate numerical efficiency, the bisection method and the secant method expressed in (7) and (8) are employed to find the CRA which meets the convergence criteria in the oblique angle range of 40 to 60 degree. Figures  13 and 14 show the input oblique angle and the projectile position at 3.2 ms after impact with respect to numerical iteration number for both methods, respectively. In the Figure 13 , solid point and hollow point represent the condition where the ricochet occurs or not, respectively. We decide that the ricochet occurs when the final position of projectile is located above the target surface (see Figure 14) . For both numerical methods, the initial oblique angle converges to CRA as iteration number increases. We observe that the initial oblique angle converges faster when the secant method is used than when the bisection method is used. As shown in Figure 13 , the CRA for the projectile is obtained as the oblique angle of 48.2 degree.
In order to verify the result of the estimated CRA, finite element analyses of the oblique penetration are conducted at least 5 cases with different initial oblique angles based on the result using secant method. We approximate the CRA in the oblique angle range of 40 to 60 degree. Figure 15 shows projectile motion during penetration at the CRA resulted from the program in this study and the finite element analysis. The projectile motion at the CRA resulted from the program well approximates the result from the finite element analysis. It is concluded that the CRA is obtained accurately and reliably.
Numerical efficiency for obtaining the minimum oblique angle, led to the ricochet of the projectile, is evaluated by comparing CPU time for the program in this study and the finite element analysis of the oblique penetration. Figure 16 shows normalized CPU time to obtain the CRA. The proposed program with the secant method needs the least CPU time and much faster than that of the finite element analysis. The CRA can be estimated accurately and efficiently by the proposed program.
Conclusion
This paper proposed an efficient computation method to obtain CRA for the oblique penetration into the concrete target based on the spherical cavity-expansion theory and a finite differential approach. The CRA can be estimated by predicting projectile motion during the oblique penetration simulations with various oblique angles. The projectile motion is predicted by a finite differential approach and semiempirical method by using resistance derived from spherical cavity-expansion theory. In order to enhance the projectile motion, the empirical constant of the semi-empirical resistance function is obtained as well as fitted by conducting finite element analysis with various oblique angles. Then the CRA is obtained and verified with the finite element analysis result. Numerical efficiency is also evaluated by root-finding algorithms and comparing the finite element analysis. From the result, it is concluded that accurate CRA can be obtained efficiently.
Extending this study, the ricochet behavior with various influential factors should be addressed in the future. Since projectile can penetrate a concrete target in many different scenarios, it is essential to perform comprehensive analysis of the ricochet behavior. For estimation of the CRA of penetrator warhead, we suggest that this numerical platform will become a very useful and powerful tool as well as help to design the penetrator warhead. Additionally, a design of the ricochet optimized projectile can be further developed. 
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